An important question lying at the core of the AdS/CFT correspondence in string theory is the holographic prescription problem for Einstein metrics, which asserts that one can slightly perturb the conformal geometry at infinity of the anti-de Sitter space and still obtain an asymptotically anti-de Sitter spacetime that satisfies the Einstein equations with a negative cosmological constant. This is a Lorentzian counterpart of the celebrated Graham-Lee theorem in Riemannian geometry. The purpose of this Letter is to provide a precise statement of this result and to outline its proof.
The AdS/CFT correspondence is an important relation in string theory, first proposed by Maldacena 15 , which establishes a connection between conformal field theories in n dimensions and gravity fields on an (n + 1)-dimensional spacetime of anti-de Sitter type, to the effect that correlation functions in conformal field theory are given by the asymptotic behavior at infinity of the supergravity action. This implies that the gravitational field in (n + 1)-dimensions must be "holographically" determined by the conformal field, which plays the role of boundary data on the (timelike) conformal boundary on an asymptotically AdS spacetime that is referred to as the bulk.
Typically, the massless field equations for a gravity field are the Einstein equations, endowed with a negative cosmological constant as we are in an asymptotically AdS background. In this case, the holographic principle asserts that a Lorentzian conformal metric g µν on the boundary propagates through a suitable (n + 1)-dimensional bulk spacetime and gives rise to an Einstein metric g µν by solving the Einstein equations.
Mathematically, the latter constitute a system of nonlinear wave equations which, in an asymptotically AdS geometry, present the unpleasant feature of being strongly singular at the timelike boundary where the conformal data are defined. Because of this, until recently there were no general results in the mathematical literature allowing us to deal with equations with this structure, which helps to explain why the key references on the AdS/CFT correspondence, ever since Witten 18 , have considered instead the analogue of this problem in the case of Euclidean signature to explain the concept of a) Electronic mail: aenciso@icmat.es. b) Electronic mail: nkamran@math.mcgill.ca. holographic prescription. In this "Wick-rotated" version of the argument the anti-de Sitter space gets replaced by hyperbolic space and the nonlinear wave equations that underlie the Einstein equations get replaced by a system of elliptic equations, which are much easier to handle. The Wick-rotated problem is perfectly good for most formal computations, but obviously its physical nature is different from that of the "real-time" problem, in the same spirit that evolving waves are different from the equilibrium situation that is described by an elliptic system.
In the case of the Euclidean-signature, or Wickrotated, version of the Einstein equations, the holographic principle rests then 18 on a theorem in Riemannian geometry, due to Graham and Lee 11 , that asserts that one can "tickle" the conformal geometry at infinity of the hyperbolic space and still obtain an Einstein metric on the ball. More precisely, the Graham-Lee theorem says that if g is a metric on the n-dimensional sphere S n that is close enough to the standard round metric in some suitable norm (e.g., the Hölder norm C 2,α will do), then there is a Riemannian metric g µν in the (n+1)-dimensional ball B n+1 that satisfies the Einstein equation
with the property that the rescaled metricḡ := x 2 g is continuous up to the boundary and satisfies the boundary conditionḡ | T ∂B n+1 = g , possibly up to multiplication by a positive scalar function reflecting the conformal invariance of the boundary condition. Here x is any positive function on the ball which vanishes to first order on the boundary and we are abusing the notation to denote byḡ| T ∂B n+1 the pullback of the metricḡ to the boundary. The theorem asserts furthermore that the metric g µν is close to that of the hyperbolic space is some suitable sense.
The Graham-Lee theorem and the results of Fefferman and Graham
9 provide precise quantitative information on the asymptotic behaviour of the Euclidean Einstein metric near the boundary. As shown by Witten 18 , this should make it possible to compute the divergent terms that arise from regularizing the gravitational action and relating it to the partition function of the conformal field theory on the boundary, giving rise to a local expression for quantities such as the conformal anomaly.
Our objective in this Letter is to discuss, dropping all inessential technicalities, a Lorentzian version of the Graham-Lee theorem, which ensures that the holographic principle remains rigorously valid for gravity without changing the nature of the equation via the Wick rotation. More precisely, we will outline the proof of the fact that any suitably small perturbation of the conformal geometry at infinity of the anti-de Sitter space AdS n+1 gives rise to an Einstein metric. Just as in the case of the Graham-Lee theorem, we are able to establish the form of the leading order behaviour of the Einstein metric near the conformal boundary, making it thus possible in principle to estimate quantities of physical interest for the boundary conformal field theory. However, in stark contrast with the case of Euclidean signature, in general the best we can hope for is that the resulting Einstein metric be non-singular for a finite time interval, in keeping with the generally held view that anti-de Sitter space is non-linearly unstable 10 .
Before heading into the precise statement and proof of our Lorentzian analogue of the Graham-Lee theorem, let us briefly comment on the related literature. The study of scalar wave equations and the Yang-Mills equations (as opposed to the full system of Einstein equations) on exact anti-de Sitter backgrounds has been carried out in a number of important references, starting with the work of Breitenlohner used energy methods to analyze initial-boundary value problems for the Klein-Gordon equation in asymptotically AdS 4 spacetimes. Nonlinear Klein-Gordon equations in asymptotically AdS spacetimes with nontrivial boundary conditions at infinity have been recently studied 7 , while the explicit form of the solution of the holographic prescription problem for the Klein-Gordon equation has also been given 6 .
To get into the details, let us begin by considering the model of the (n + 1)-dimensional AdS space given by the solid cylinder R × B n endowed with the Lorentzian metric of negative constant sectional curvature. By rescaling the metric, there is no loss of generality in choosing the cosmological constant Λ := n, which makes the expressions slightly more manageable. The AdS n+1 metric can then be written conveniently written as
where dΩ 2 n−1 is the standard metric on the (n − 1)-dimensional sphere and the variable x takes values in (0, 1]. Its conformal infinity is given by x = 0, so it is the cylinder R × S n−1 with the conformal class of metrics corresponding to the standard Lorentzian metric on the cylinder, that is,
It is thus manifest that the rescaled metricḡ AdS := x 2 g AdS is continuous up to the boundary R × ∂B n and that its pullback to the boundary is given by g R×S n−1 .
Hence the result we seek is a well-posedness theorem for the Einstein equations (1) on (−T, T ) × B n , with the boundary condition that the pullback to the boundary cylinder of the rescaled metricḡ := x 2 g is a prescribed Lorentzian metric g:ḡ
Since the Einstein equations in Lorentzian signature are nonlinear wave equations, we also take initial conditions for the metric, which we write as
The admissible choices of g 0 and g 1 are of course subject to constraints equivalent to prescribing a Riemannian metric and a second fundamental form for the spacelike hypersurface t = 0. Additionally, the initial and boundary conditions (g 0 , g 1 , g) must satisfy certain nontrivial compatibility conditions. For the purposes of this Letter, we will state the result in the simplest case: g 0 := g AdS , g 1 := 0 and g any Lorentzian metric that is identically equal to g R×S n−1 for t 0. This corresponds to the physically relevant situation of how the spacetime departs from the AdS geometry as nontrivial boundary data are switched on at the conformal infinity at time t = 0. In the general case, the result is qualitatively the same, but the precise smallness assumptions on the initial conditions are cumbersome and not particularly illuminating. Full mathematical details can be found in 8 .
Specifically, the result proving the holographic principle for the Einstein equations can be stated as follows: For any spatial dimension n 3, let g be a Lorentzian metric on the cylinder R × S n−1 that is a small perturbation of the canonical one, g R×S n−1 . More precisely, assume that the difference g − g R×S n−1 and all its spacetime derivatives up to order 3n+9 are bounded by a small constant in some fixed temporal slice (
If δ is small enough, then there is a positive time T , depending only on n and δ, and an asymptotically AdS metric g that satisfies the Einstein equation (1) on (−T, T ) × B n and the above boundary and initial conditions (2)-(3). Furthermore, the Einstein metric g and the exact AdS metric are close in the sense that ḡ −ḡ AdS C n−2 ((−T,T )×B n ) < Cδ , where the constant C only depends on n.
A few comments are now in order. First, notice that the fact that up to n − 2 derivatives of the differenceḡ − g AdS are small is clearly optimal in view of the FeffermanGraham expansion for the metric g due to the appearance of logarithmic terms starting with x n−1 log x. On the contrary, we have not strived to provide a sharp bound for the number of derivatives of g that must be close to g R×S n−1 . Also, as explained above, a local-in-time result is in general then best one can hope for.
We shall next outline the main ideas of the proof of this result, skipping the technicalities. The first step in the proof is to remove the gauge freedom that arises from the diffeomorphism invariance of the Einstein equation. A standard way of doing this is to use harmonic (or wave coordinates), but since we need to analyze wave propagation at the conformal boundary, it is more convenient for us to use a generalization of this idea that is known as DeTurck's trick 5 . It allows us to modify the Einstein equation to an equivalent, less degenerate form that is indeed given by a system of nonlinear wave equations.
To apply DeTurck's trick, we choose a reference metric γ 0 to be an asymptotically AdS metric whose pullback to the conformal boundary isĝ. We refer to 8 for the construction of this metric, which is essentially obtained by interpolating (in x) the AdS metric and the asymptotic metric (dx 2 + g)/x 2 , which one can easily make sense of in a neighborhood of the boundary. Let us denote by Γ ν λρ and Γ ν λρ the Christoffel symbols of the metrics g and γ 0 , respectively. DeTurck's trick consists in looking for solutions to the modified Einstein equation
where the tensor Q ≡ Q(g) is
Here the covariant derivatives and the Ricci tensor are computed with respect of the metric g and
Notice that Q µν depends on the initial and boundary conditions through the reference metric γ 0 .
Our goal now is to solve the modified Einstein equation (4) together with the above initial and boundary conditions (2)-(3). For metrics that are asymptotically AdS at infinity, of the kind that we have in this problem, the coefficients of this equation are strongly singular at x = 0. Symbolically, Eq. (4) reads as
where the tensors A and B depend onḡ, ∂ḡ. The second step is to construct an approximate solution γ of the modified Einstein equation (4) with the desired behavior at the conformal boundary. This approximate solution can be computed algorithmically and has the key feature that it can be obtained using only local information about g (in fact, using only derivatives and algebraic operations). The physical relevance of this is that algebraic operations (unlike functionalanalytic arguments) behave well under Wick rotation, which explains why the asymptotic behavior of Wickrotated models are significant for real-time phenomena (and can therefore be used to compute correlation functions) even though, strictly speaking, real-time and imaginary-time models describe very different physical systems. In particular, the approximate solution γ would not have "seen" the initial conditions g 0 and g 1 , if had taken nontrivial ones, and this is also important because actually in the Wick-rotated situation one cannot impose any initial conditions.
The way this approximate solution γ is constructed is by successively "peeling off" the dominant behavior of the metric g at the conformal boundary, formally as in the Riemannian case, so we refer to this construction as a "peeling lemma". This recursive procedure is described in detail in 8 , and can be stated as follows: Let N be a fixed nonnegative integer. Then there exists an asymptotically AdS metric γ on R × B n of the form
which satisfies the boundary condition x 2 γ| T (R×∂B n ) = g and such that the tensor Q(γ) associated with the metric γ is small at x = 0 in the sense that
Here each p k stands for an explicit polynomial that depends on the differences ∂ j ( g − g R×S n−1 ) for 0 j k, on x and, if k n − 1, also on log x.
The final and key step in the argument is to show that the approximate solution γ, which we have obtained using essentially algebraic means, can be promoted to an actual solution g of the modified Einstein equation (4) . This is a functional-analytic argument and, as such, is not robust under Wick rotation. The idea is to use an iterative argument where we decompose the metric as
Intuitively, the asymptotically AdS metric γ is the part of the metric that is "large" at the boundary and the other term, which is convenient to write as x n 2 u, is "smaller". For this, we set up the iteration that will produce the function u as the limit of a sequence u m as m → ∞. The metric associated to u m via (9) will be denoted by g m . Specifically, with a bit of work, Eq. (7) allows us to write the equation for the metric in terms of u as
where we are denoting by P g the linear hyperbolic differential operator in Eq. (7) (which depends on g and ∂g and includes both the second-order derivatives of u and the most singular terms at x = 0), the u-independent contributions to the equation coming from the term γ have been collected in the summand F 0 := −x − n 2 −2 Q(γ), and G(u) corresponds to nonlinear terms in u that are less singular at x = 0 and do not involve second-order derivatives of u.
Written in the form (10), the iteration consists in starting from u 1 := 0 and obtaining u m+1 recursively by solving the linear problem
with zero initial and boundary conditions. However, the fact that the coefficients of this equation are strongly singular at x = 0 (which, in turn, reflects that the geometry at infinity of AdS is rather subtle) makes the proof of the convergence of the sequence rather technical. Without getting into details, the convergence of this iterative procedure is eventually proved by introducing a scale of weighted (Sobolev-type) energy spaces H k,r α , which are "twisted" by replacing the usual differentiation operator ∂ x by families first order differential operators D x,α := ∂ x + α x that are adapted to the geometry of AdS at infinity (see also 7, 17 ). These spaces are in turn related to another scale of weighted energy spaces H m,r that are "absolute" in the sense that, unlike H k,r α , they do not depend on any parameter. The proof of convergence requires a priori estimates on the solutions of the linearized equation associated to (4) with g an asymptotically AdS metric, and the fact that δ is small allows us to pass from the linear estimates to a nonlinear local existence theorem for the function u. Details are given in 8 , where it is also proved that the contribution of the term x n 2 u to the asymptotics of the metric g at the conformal boundary are of order x n (provided that the parameter N appearing in the Peeling Lemma is chosen large enough). This shows why the "algebraic" part γ is the only one that we need to compute the first terms in the expansion of g at x = 0.
We conclude this Letter with a few remarks and perspectives. The main result of our paper provides an answer to the holographic prescription problem in the form of an existence theorem valid in in any space dimension n 3 for Einstein metrics with prescribed conformal infinity consisting in suitably small perturbation of the conformal infinity of anti-de Sitter space. From the knowledge of the leading order behaviour of the Einstein metric near the conformal boundary, it is possible in principle to estimate quantities of physical interest for the admissible boundary conformal field theories, such as two-point or n-point correlation functions 15, 18 . The computation of conformal anomalies 18 would be of great interest.
From the point of view of the Cauchy problem for the Einstein equations, the existence of the metric g solving the holographic prescription problem is only local in time, in keeping with the fact that anti-de Sitter space is expected to be non-linearly unstable 10 . It is a very challenging goal to devise a rigorous scenario for singularity formation.
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